Matter Wave Diffraction from an Inclined Transmission Grating: Searching
  for the Elusive He-4 Trimer Efimov State by Bruehl, R. et al.
ar
X
iv
:q
ua
nt
-p
h/
04
12
06
4v
1 
 8
 D
ec
 2
00
4
Matter Wave Diffraction from an Inclined Transmission Grating: Searching for the Elusive 4He
Trimer Efimov State
R. Bru¨hl, A. Kalinin, O. Kornilov, and J. P. Toennies
Max-Planck-Institut fu¨r Stro¨mungsforschung, Bunsenstraße 10, 37073 Go¨ttingen, Germany
G. C. Hegerfeldt and M. Stoll
Institut fu¨r Theoretische Physik, Universita¨t Go¨ttingen, Friedrich-Hund-Platz 1, 37077 Go¨ttingen, Germany
(Dated: August 26, 2018)
The size of the helium trimer is determined by diffracting a beam of 4He clusters from a 100 nm grating
inclined by 21◦. Due to the bar thickness the projected slit width is roughly halved to 27 nm, increasing the
sensitivity to the trimer size. The peak intensities measured out to the 8th order are evaluated via a few-body
scattering theory. The trimer pair distance is found to be 〈r〉 = 1.1+0.4/−0.5 nm in agreement with predictions
for the ground state. No evidence for a significant amount of Efimov trimers is found. Their concentration is
estimated to be less than 6%.
PACS numbers: 33.15.-e, 03.75.Be, 21.45.+v,36.40.Mr
In 1970 Vitali Efimov found a remarkable unexpected prop-
erty in the notoriously difficult three-body problem [1]. Ac-
cording to Efimov a weakening of the two-body interaction in
a system of three identical Bosons can lead to the appearance
of an infinite number of bound levels, instead of dissociation
as one would expect from classical mechanics. This effect is
related to the divergence of the atomic scattering length a with
decreasing binding energy Eb between two of the particles [2].
In nuclear physics, despite extensive searches, no example for
the Efimov effect has been found up to now [3]. At present the
most promising candidate is the 4He trimer as first predicted
by Lim, Duffy, and Damert in 1977 [4], although there have
been recent attempts to identify Efimov molecules in ultra-
cold collisions of Cs atoms [5].
Because of their very weak binding the existence of the 4He
dimer and trimer could only recently be established experi-
mentally by a new technique involving matter-wave diffrac-
tion [6]. A beam of clusters formed in a cryogenic free jet
expansion is directed at a nanostructured d = 100 nm period
SiNx transmission grating. Since the cluster de Broglie wave
length λ is inversely proportional to the cluster number size
first order Bragg diffraction peaks for different sizes are ob-
served at different angles ϑ ≈ λ/d, thereby identifying the
clusters uniquely. This technique can also be used to mea-
sure the spatial extent of the clusters. From an analysis of the
4He dimer diffraction pattern the slit function of the grating
could be determined and from this the effective slit width for
passage of the dimer [7, 8]. After accounting for the velocity
dependent van der Waals interaction the effective reduction of
the slit width was shown to be equal to 12 〈r〉, where the mean
bond length was found to be 〈r〉 = 5.2 ± 0.4 nm [7]. This
extremely large distance is due to the weak binding energy
which was estimated to be only |Eb| = 1.1+0.3/−0.2 mK [7].
For the helium trimer, theory predicts one Efimov state with
a similarly weak binding energy of |Ee| = 2.3 mK in addition
to the ground state with |Eg| = 126 mK with corresponding
pair distances (bond lengths) 〈r〉 = 7.97 nm and 0.96 nm, re-
spectively [9]. Since for the trimer the slit width reduction
can be shown to be 34 〈r〉 these two s-states are expected to
be distinguishable by their sizes. However, experiments sim-
ilar to those used for the dimer did not yield conclusive re-
sults which, ultimately, was attributed to an insufficient reso-
lution. The present experiment overcomes this limitation by
rotating the grating by an angle Θ0 around an axis parallel to
the slits as seen in Fig. 1. At Θ0 = 21◦, due to the thick-
ness of the bars, the projected slit width is more than halved
to s⊥ = 26.9 nm, providing a good compromise between the
improvement in both the ratio 〈r〉 /s⊥ and the resolution at the
expense of total transmission. The apparatus used is other-
wise similar to the one described in detail in Ref. [10]. For the
trimer measurements the cryogenic source temperatures T0
and pressures P0 were varied between (T0, P0) = (6.7 K, 1 bar)
and (40 K, 50 bar) to produce optimal trimer mole fractions of
up to 7% [11]. The collimated beam with a velocity spread
∆v/v ≤ 2% has a spatial lateral coherence greater than the
exposed 100 grating slits. For both atom and trimer measure-
ments the mass spectrometer detector was set at the 4He+ ion
mass. The maximum trimer signal was about 200 counts/sec.
Figure 2a shows a diffraction pattern out of a series of al-
together 13 taken for various velocities at Θ0 = 18◦ and 21◦.
The most intense peaks are due to helium atoms while those
marked by circles belong to trimers. Whereas in the past the
diffraction intensities In for all orders n had been found to be
perfectly symmetric (In = I−n), a careful inspection of the
new peak intensities in Fig. 2b exhibits an up to 10% devia-
tion from symmetry [12]. This new feature is clearly demon-
strated by the contrast Cn = (In − I−n)/(In + I−n) displayed
in Fig. 2c. By modifying the diffraction theory of Ref. [13]
to account for the asymmetry the new measurements could
be evaluated to obtain the bond length of the helium trimer
〈r〉 = 1.1+0.4/−0.5 nm. Assuming the theoretical values of
〈r〉 the maximum concentration of Efimov trimers in the beam
is estimated to be less than 6%. Although their small concen-
tration may possibly be explained by collisional depletion in
the expansion, the negative result obviously also raises new
doubts about the existence of an Efimov state in 4He3.
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FIG. 1: Diffraction geometry at non-normal incidence: a) A single
slit of width s0 in a plate of thickness t with a wedge angle β has
a projected slit width of s⊥. Both the angle of incidence Θ0 and
the angle Θ are measured relative to the plate normal. The hypo-
thetical thin plate drawn along the η direction with a slit of width
S 0 =
√
(s0 + t tan β)2 + t2 at an angle α = arcsin(t/S 0) relative to the
thick plate along the y direction casts the same geometrical shadow
as the thick plate. b) Transmission grating of period d along the y
direction.
From atom beam transmission experiments [10] the grating
bars are found to have a thickness t = 118.3±0.5 nm and their
inner faces have a wedge angle β = 6.7 ± 0.5◦ with the direc-
tion perpendicular to the grating (Fig. 1). Since the angle of
inclination (angle of incidence)Θ0 exceeds the wedge angle β
the upper bar faces (Fig. 1) are shadowed by the front edges of
the bars. Obviously in this geometry the opening (s0 in Fig. 1)
used in previous calculations of the scattering amplitude for
normal incidence [7, 8] is no longer appropriate. Instead the
slit is modeled by a diagonal opening of width S 0 in a thin
plate along the η axis (Fig. 1) which casts the same geometri-
cal shadow as the original slit [14]. Complications from scat-
tering from the upper bar faces are not expected since the clus-
ter de Broglie wave length λ ≈ 1 Å is much smaller than the
slit width such that the diffraction is concentrated in a small
range of angles of the order of ϑ = Θ−Θ0 ≃ λ/s⊥ ≈ 2◦, much
smaller than Θ0 − β ≈ 14◦. Modeling the incident beam by
a plane wave of wave vector k with k = |k| = 2pi/λ and im-
posing Kirchhoff boundary conditions along the slit S 0 leads
to the following expression for the scattering amplitude of the
diagonal slit [8, 15]
fslit(Θ) = cos(Θ0 + α)√
λ
∫ S 0/2
−S 0/2
dη e−iK(Θ)η τ(η), (1)
where the bar thickness enters through sinα = t/S 0 and
K(Θ) = k [sin(Θ + α) − sin(Θ0 + α)] (2)
is the wave vector transfer along the slit direction (η axis).
The transmission function τ(η) in Eq. (1) accounts for the size
of the cluster [7] as well as the weak van der Waals surface
interaction of the form −C3/l3 between the atoms and the bar
material [8], where l is the distance from the surface.
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FIG. 2: a) 4He diffraction pattern at Θ0 = 21◦ angle of incidence
measured for the source conditions (T0, P0) = (16.5 K, 7.0 bar) cor-
responding to a trimer de Broglie wavelength of λ = 0.83 Å. The
signal at negative diffraction angles has been shifted upwards by a
factor 10 and mirrored onto the positive side for comparison. The
trimer diffraction peaks are marked by circles, dimer peaks by stars.
b) Relative trimer peak intensities In/I0. c) Corresponding contrast
Cn = (In − I−n)/(In + I−n). The curves in b) and c) are best-fit calcu-
lations based on Eq. (6).
The inclined transmission grating consists of many slits
aligned along the y axis with period d (Fig. 1b). The peri-
odicity then gives rise to sharp principal diffraction maxima
located at the Bragg angles Θn satisfying
k [sinΘn − sinΘ0] = 2pin/d (3)
for n = 0,±1,±2, etc [16]. Solving Eq. (3) for Θn and insert-
ing into Eq. (2) yields K(Θn) at which the scattering amplitude
determining the intensity of the n-th diffraction order is to be
evaluated. By expanding through second order in n, K(Θn)
can be expressed as
K(Θn)
cos(Θ0 + α) ≈
2pin
d cosΘ0
+ λ
tanΘ0− tan(Θ0 + α)
4pi
(
2pin
d cosΘ0
)2
.
Thus, although the scattering amplitude itself is even under
the change of the sign of K(Θ), it is probed at a wave vector
transfer for which K(Θn) , −K(Θ−n). The origin of the ex-
perimentally observed asymmetry In , I−n of the diffraction
pattern lies, therefore, in the non-alignment of the slits S 0 (η
axis) and the direction of periodicity (y axis). The asymmetry
decreases with λ because for a smaller de Broglie wave length
less clusters are diffracted into the shaded region of the slits
(Fig. 1). Clearly, for α = 0 (thin grating) the symmetric case
is recovered. Supplementary calculations indicate that the van
der Waals surface interaction has only a minor effect on the
asymmetry.
An analytical expression for the relative diffraction intensi-
ties In/I0 is obtained by introducing the functions Φ+(K) and
3Φ−(K) [8]
Φ±(K) =
∫ S 0/2
0
dη e±iKη
∂
∂η
τ[±(S 0/2 − η)]
τ(0) (4)
which allows the scattering amplitude to be expressed exactly
as
fslit(Θ) = cos(Θ + α)√
λ
τ(0)
× e
iK(Θ)S 0/2Φ−(K(Θ)) − e−iK(Θ)S 0/2Φ+(K(Θ))
iK(Θ) . (5)
To conveniently combine the functions Φ±(K) with the ex-
ponentials in Eq. (5) their logarithms are expanded in a
power series: lnΦ±(K) = ∑∞j=1 (±iK) jR±j / j!, which uniquely
defines the complex numbers R±j known as the cumu-
lants. For example, the first cumulants are given by R±1 =
±
∫ ±S 0/2
0 dη
[
1 − τ(η)] and account for the different transmis-
sion in the two halves of the slit. For the diffraction orders
|n| . 8 encountered experimentally it is sufficient to retain
only the first two terms of this expansion. Inserting them into
Eq. (5) the n-th order diffraction intensity becomes, to good
approximation,
In
I0
=
e−K(Θn)
2Σ2 e−K(Θn)Γ(K(Θn)√S 2eff+∆2
2
)2
[
sin2
(
K(Θn)S eff
2
)
+ sinh2
(
K(Θn)∆
2
)]
.
(6)
Here, the effective slit width S eff = S 0− Re (R+1 +R−1 ) accounts
for the reduction of the geometrical slit width S 0 due to the
surface interaction as well as the finite cluster size. The expo-
nential involving Σ =
√
Re (R+2 + R−2 )/2 ≈ 5 nm includes the
Debye-Waller attenuation due to irregular variations of the slit
width across the grating and also accounts for cluster breakup
[7, 8]. The surface interaction removes the intensity zeros
through the term involving ∆ = Im (R+1 + R−1 ) ≈ 10 nm and
contributes weakly to the asymmetry through Γ = Im (R+1 −
R−1 ) ≈ 1.5 nm.
Experimental values for S eff were obtained from fits of
the intensity formula Eq. (6) to trimer diffraction patterns
(Fig. 2b) measured for T0 = 6.7 – 40 K. In Fig. 3 the projected
effective slit widths s⊥eff = S eff cos(Θ0 + α) for 4He, 4He2 and
4He3 at Θ0 = 21◦ are plotted as functions of the beam veloc-
ity. The atom data were used to determine, along the lines
of Ref. [8], the projected slit width s⊥ = 26.92 ± 0.02 nm
and the van der Waals interaction coefficient was taken as
C3 = 0.113±0.02 meV nm3 [8]. As seen from Fig. 3 the trimer
size effect at a velocity of 0.64 km/s is of the order of only
1.2 nm, clearly smaller than the 2.5 nm for the dimer. More-
over, the dimer curve runs almost parallel to the atom curve
suggesting that, due to the extent of the dimer wave function,
on average only one of its atoms is interacting with the sur-
face. In contrast, the steeper slope of the trimer curve indi-
cates the contribution of more than one atom, also confirming
the relative compactness of this cluster.
The smallness of the trimer binding energy as compared
to its kinetic energy allows an extension of the quantum me-
chanical few-body scattering approach of Ref. [13], which is
based on the AGS equations [17] and originally designed to
describe dimer diffraction, to treat also the trimer case. It
turns out that, as a generalization of the dimer result, the size
effect is caused by the width of the trimer perpendicular to
its incident direction. For the dimer [7] this width can be ex-
pressed by the expectation value 〈|r⊥|〉 = 〈r〉 /2 where r de-
notes the dimer bond length and |r⊥| is its perpendicular pro-
jection (lower inset in Fig. 3). The analogous expression for
the trimer, which is more intricate due to the third atom, is
given by (|r⊥|+ |r′⊥| + |r′′⊥ |)/2 where the three distances are de-
fined in the upper inset of Fig. 3. For the homonuclear 4He3
the expectation value of this quantity reduces to 3 〈|r⊥|〉 /2.
Moreover, since the pair interactions are dominated by the
shallow s-wave dimer state, the homogeneous Faddeev equa-
tions [18] can be used to express the width in terms of the
trimer bond length as 3 〈r〉 /4. The complete expression for
s⊥eff, which includes the surface interaction, is then found to
be
s⊥eff = s⊥ −
3
4
〈r〉 − ζ Re
×
{∫ S 0/2
0
dη
[
1 − τat(η)τat
(
η − 12 〈r〉ζ
)
τat
(
η − 58 〈r〉ζ
)]
+
∫ 0
−S 0/2
dη
[
1 − τat(η)τat
(
η + 12
〈r〉
ζ
)
τat
(
η + 58
〈r〉
ζ
)]}
. (7)
were ζ = cos(Θ0 + α) was used. The term in curly braces
in Eq. (7) accounts for the surface interaction via the atom
transmission functions τat(η) [8]. As seen in Fig. 3 this term
varies between 2–4 nm in the experimental range of 0.25 –
0.64 km/s.
Using Eq. (7) the best fit curve for the trimer based on
seven diffraction patterns taken at Θ0 = 21◦ was obtained
for the bond length 〈r〉 = 1.0+0.5/−0.7 nm. A second se-
ries of six diffraction patterns taken at Θ0 = 18◦ yielded
〈r〉 = 1.2+0.5/−0.8 nm which confirms, within the error bars,
the reproducibility of the result. The average of both results,
〈r〉 = 1.1+0.4/−0.5 nm, agrees well with the theoretical pre-
diction of 0.96 nm [9] for the 4He3 ground state. Moreover, it
rules out a significant concentration of the Efimov state in the
beam. With the theoretical values for 〈r〉 a simulation of the
diffraction pattern for various concentrations indicates that the
upper experimental limit is consistent with less than 6% Efi-
mov trimers, reducing substantially the previous value of 15%
[19].
Dedicated calculations for the formation of excited state
clusters during the beam expansion are not available. Apply-
ing, for an estimate, the equilibrium model of Ref. [11] the ra-
tio of Efimov to ground state trimers is expected to be approx-
imately proportional to exp(−|Eg − Ee|/kBT∞). At an asymp-
totic temperature in the fully expanded beam of T∞ = 1–5 mK
in the present experiment, this is indeed a very small number
(< 10−11). The validity of this estimate, however, depends
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FIG. 3: Projected effective slit widths s⊥eff = S eff cos(Θ0 + α) mea-
sured at different beam velocities at an angle of incidence Θ0 = 21◦
for 4He, 4He2 and 4He3. The curves represent best fits of Eq. (7) for
4He3 and analogous expressions for 4He and 4He2. Their high ve-
locity limits are given by s⊥ for 4He, by s⊥ − 12 〈r〉 for 4He2, and by
s⊥ − 34 〈r〉 for 4He3. The insets illustrate the “widths” traced out by
the clusters along their flight paths (see text).
on the temperature at which the internal states equilibrate,
which may be much larger than T∞. While the collisional
de-excitation of an Efimov trimer into the ground state is ex-
pected to be small [20] a realistic calculation would need to
take into account the inelastic cross-section between the Efi-
mov trimer and the co-expanding atoms. Indirect evidence for
the likely robustness of the Efimov cluster comes only from
the large mole fraction of the even more weakly bound 4He2
[7].
There is, of course, also the possibility that the 4He3 Efimov
state does, in fact, not exist despite the over 40 publications
which have appeared since 1977. Since all calculations have
been carried out for adiabatic two-body potentials, which have
been tested both experimentally [7] and by numerical meth-
ods [21], it is still conceivable that the presence of the Efimov
state is affected by the sum of so far neglected small correc-
tions to the potentials, such as a three-body contribution to
the interaction [22], retardation or non-adiabatic effects [23].
For example, Gdanitz [23] showed that the latter can modify
the scattering length by about 5–10%. However, a solution of
the Faddeev equations based on a separable potential, which
was adjusted to reproduce exactly the scattering length and
the effective range of the He-He interaction, reveals that such
a modification alone cannot render the Efimov state unbound.
In future experiments a promising approach to detect Efi-
mov 4He3 could involve sampling the sizes of clusters ef-
fusing from a Knudsen cell, thereby ruling out collisional
de-excitation. Then the Efimov and ground state molecules
would have small but nearly equal concentrations. To com-
pensate for the loss in signal the trimer mole fraction could be
increased by going to a much higher P0 while reducing the ori-
fice diameter. A new, much more sensitive detector currently
under development may make such experiments possible.
We are indebted to T. Savas for providing the transmission
grating and thank T. Ko¨hler for stimulating discussions.
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